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Counting systems

quantity | decimal| binary | 3-bit register

0 0 000

* 1 1 001

%* % 2 10 010

% % % 3 11 011

% % ¥ % 4 100 100

% % % % % 3} 101 101

% % % A% % ¥ 6 110 110

% % % % A% X ¥ 7 111 111
% % % A% A% X Xk Xk 8 1000 overflow
A% % % A A X %k A% % 9 1001 overflow
*HEAAkKEKAkAkE| 10 1010 overflow
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Rationale

(9038) =9-10°+0-10"+3-10"' +8-10° =9038

ten

10011), =1-2*+0-2°+0-2>+1-2' +1-2° =19

n
(X X ...Xy), = le. D'
=0
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Hexadecimal and Binary

decimal |hexadecima binarvy
O O 0000
1 1 0001
2 2 0010
3 =) 0011
4 4 0100
5 5 01071
S & 0110
7 7 o111
8 8 1000
9 p= 1001
10 A 1010
11 B 1011
12 C 1100
13 D 11071
14 E 1110
15 F 1313171
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Binary addition

Assuming a 4-bit system:

O 0 0 1 1 1 1
100 14 1011,
O 1 0 1 0 1 1
o1 110 1 0010
ho overflow overflow

B Algorithm: exactly the same as in decimal addition
® Overflow (MSB carry) has to be dealt with.
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Representing negative numbers (4-bit system)

0000 ® The codes of all positive numbers
begin with a "0"

0001 1111 -1

0010 1110 -2 B The codes of all negative numbers

0011 1101 -3 begin with a "1"

0100 1100 -4 B To negate a humber:
0101 1011 -5 flip (invert) all bits, then add 1

0110 1010 -6
0111 1001 -7
1000 -8

N OO o A W N -~ O

Example: 2-5=2+ (5= 0010
+1011
1101 = -3
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Signed Arithmetic (4-bit system)

Example 2 6-5=6+(-5)= 0110
+1011
1 dropped; overflow??? 1000 1

1
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Signed Arithmetic (4-bit system)

Example 3 7+1= 0111
+0001

Nowwhat??? 1000

-8
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Building an Adder chip

16
a —“~<»
16-bit
5 16: adder

16

+> out

B Adder: a chip designed to add two integers

B Proposed implementation:
e Half adder: designed to add 2 bits
e Full adder: designed to add 3 bits

e Adder:

designed to add two #-bit numbers.
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Half adder (designed to add 2 bits)

a b | sum carry
0 O 0 0 a —» half —® Sum
0 1 1 0 adder

b —» ——— carry
1 0 1 0
1 1 0 1

Implementation: based on two gates that you've seen before.
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Full adder (designed to add 3 bits)

a b c¢ |sum carry

a —»
—® sSuUm
b — full
adder | » carry
c —»

_ A A A O O O o
_ A O O N a O o
_ O - O -~~~ O -~ 0O
_ O O -~ O = a OO
N A A O -~ O O O

Implementation: can be based on half-adder gates.
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n-bit Adder (designed to add two 16-bit numbers)

16
a —~>» : 16

| LR e
b —<

1 0 1 a

+
O 0 1 O b
1 1 0 1 out

Implementation: array of full-adder gates.
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The ALU (of the Hack platform)

a - 16
a = phalf [ mosum f >oeum o X 16-bit | '°
adder b ull 16 adder '+> out
b —» —— carry adder | carry y
c —»
f
le nf Zly nf i nf out (x, y, control bits) =
x+y, X-y, ¥ X,
X ——~“—P 0/ 1/ —11
16 bits
ALU ——~— out X, ¥V, X, 7Y,
Ly 16 bit
’ 16 bi : x!, y!
its L 4 L 4
i i x+1, y+1, x-1, y-1,
x&y, x|y

zZr  ng
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ALU |OgiC (Hack platform)

These bits instruct how to These bats instruct how to This bat selects  This bit mnst. how Fesulting
pre-set the = nput pre-set the v input between + / Znd o post-set out ALU output
zZx nx zy ny f no out=

if =zx if nx if = if n if £ then if no
then then then then cut=x+y else then T, yv)=
®x=0 #=1x y=0 =1y cut=x And cut=lcut

1 1 1 1 1 0 0

1 1 1 1 1 1 1

1 1 1 1 1 0 -1
{ i - - .

1 v

0 Implementation: build a logic gate architecture |
1 that "executes” the control bit "instructions”: y
0 if zx==1 then set x to O (bit-wise), etc. —x
0 1 1 1 1 1 x+1
1 1 0 1 1 1 y+1
0 | 1 1 1 0 x—1
1 1 i 0 1 0 y-1
0 0 0 0 1 0 Xty
0 1 0 0 1 1 XY
o o 0 1 1 1 y—X
a0 0 0 0 0 0 H&Y
i 1 0 1 i 1 2|y
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The ALU in the CPU context (a sneak preview of the Hack platform)

cl,c2,..
D
D register >
a
A reqister A l
= A/M
S "
RAM M
—
(selected
register)

,C6

out

niv
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Perspective

Combinational logic

Our adder design is very basic: no parallelism

It pays to optimize adders

Our ALU is also very basic: no multiplication, no division

Where is the seat of more advanced math operations?
a typical hardware/software tradeoff.
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